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CHANGE OF MEASURE IN THE HESTON MODEL
GIVEN A VIOLATED FELLER CONDITION
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Abstract. When dealing with Heston’s stochastic volatility model, the
change of measure from the subjective measure P to the objective mea-
sure Q is usually investigated under the assumption that the Feller con-
dition is satisfied. This paper closes this gap in the literature by deriving
sufficient conditions for the existence of an equivalent (local) martingale
measure in the Heston model when the Feller condition is violated. We
also supplement the existing literature by the case of a finite lifetime of
the Laplace transform of the integrated volatility process. Moreover, we
deduce conditions for the stock price process in the Heston model be-
ing a true martingale, regardless if the Feller condition is satisfied or not.
Key Words: Heston model · change of measure · Feller condition ·
integrability · moment explosion
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1. Introduction
In option pricing papers on Heston’s stochastic volatility model as intro-
duced in Heston (1993), it is typically assumed that a risk-neutral measure
Q exists and that the dynamics are stated in the corresponding risk-neutral
form; compare e.g. the extensive textbook of Rouah (2013) and the refer-
ences therin. Yet, the well-definedness of the change of measure from the
physical measure P to the risk-neutral measure Q, which is induced by the
Theorem of Girsanov, is rarely investigated. For instance, Wong & Heyde
(2006) give a solution to this problem supposed that
(i) the Feller condition - which keeps the volatility process strictly pos-
itive - holds,
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2 CHANGE OF MEASURE GIVEN A VIOLATED FELLER CONDITION
(ii) Laplace transform of the integrated volatility process possesses an
infinite lifetime.
On the one hand, the Feller condition is almost never satisfied in practice
as has been pointed out in e.g. Albrecher et al. (2007) or Clark (2011)
(consult in particular Table 6.3). On the other hand, the change of measure
in stochastic volatility models is in general a delicate issue (see e.g. Sin
(1998)) and is closely connected to the existence of the Laplace transform
of the underlying volatility process (see e.g. Andersen & Piterbarg (2007)
and Glasserman & Kim (2010)).
In this paper, we thus give a complete answer to the question whether a (lo-
cal) martingale measure in the Heston model for finite and infinite lifetimes
of the Laplace transform of the integrated volatility process exists, and we
enhance the classical theory by the case of a violated Feller condition.
Our paper is outlined as follows: Section 2 recapitulates the necessary basics
of the Heston model. In Section 3, we elaborate on the risk-neutral dynamics
of the Heston model, and deduce sufficient conditions for the existence of an
equivalent local martingale measure,
(1) given that the Feller condition is satisfied,
(2) given that the Feller condition is violated,
both for finite and infinite lifetimes of the Laplace transform of the integrated
volatility process. Finally, in Section 4 we derive sufficient conditions for the
stock price process in the Heston model being a true martingale and thus
the equivalent local martingale measure being a true equivalent martingale
measure.
2. Basics of the Heston Model
Suppose that (Ω,F, (Ft)0≤t≤T ,P) is a filtered probability space and T > 0
is a fixed time horizon. The stochastic volatility model of Heston (1993) is
defined via the following set of stochastic differential equations (SDEs):
dS (t) = µS (t) dt +
√
ν (t)S (t) dW1 (t) , S (0) = S0 ,(2.1)
dν (t) = κ [θ − ν (t)] dt+ σ
√
ν (t)dW2 (t) , ν (0) = ν0 .(2.2)
Here, µ denotes the drift of the stock, ν the variance,
√
ν the volatility, θ > 0
the mean reversion level of the volatility process, κ > 0 the mean reversion
speed and σ > 0 the volatility of volatility. The correlation ρ ∈ [−1, 1] of
the Brownian motions W1(t) and W2(t) is given by
(2.3) Corr (W1 (t) ,W2 (t)) = ρ.
The variance process ν(t) is of Cox-Ingersoll-Ross (CIR) type and has among
others the following useful properties:
• The SDE (2.2) has a pathwise unique, non-exploding weak solution.
• Its solution is non-centrally χ2-distributed.
• It stays P-a.s. non-negative.
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If additionally the Feller condition
2κθ ≥ σ2 ,(2.4)
holds, the CIR process and thus the volatility remains P-a.s. strictly positive,
that is
P(ν(t) > 0) = 1 for all t ≥ 0 .
By its construction (2.2), the volatility returns to its mean reversion level
θ, reflecting the empirically observed behavior of volatility (compare e.g.
Desmettre et al. (2015)). The correlation ρ of W1 and W2 is able to repro-
duce the leverage effect and thus takes usually negative values (which are
sometimes even close to −1).
Considering the volatility as non-tradeable stock yields straightforward to
an example of an incomplete market, in which not every contingent claim
is replicable and thus the risk-neutral measure Q is not uniquely deter-
mined. In particular, there is an infinite amount of equivalent martingale
measures Q.
A widely supported notation for the dynamics of the SDEs (2.1) and (2.2) of
the Heston model is their representation using two uncorrelated Brownian
motions W˜ 1(t) and W˜ 2(t). Using a Cholesky decomposition we obtain:
dS (t) = µS (t) dt+
√
ν (t)S (t)
(
ρdW˜1 (t) +
√
1− ρ2dW˜2 (t)
)
,(2.5)
S (0) = S0,
dν (t) = κ [θ − ν (t)] dt+ σ
√
ν (t)dW˜1 (t) , ν (0) = ν0.(2.6)
3. Risk Neutral Dynamics of the Heston Model
Up to now we formulated the Heston model w.r.t. the physical measure P.
The risk neutral dynamics w.r.t. an equivalent martingale measure Q can
be deduced from equations (2.5) and (2.6) as follows:
In analogy to the Black-Scholes model we want to find Q-Brownian motions
W˜Q1 (t) and W˜
Q
2 (t) such that the stock price process (2.5) transforms to
dS (t) = rS (t) dt+
√
ν (t)S (t)
(
ρdW˜Q1 (t) +
√
1− ρ2dW˜Q2 (t)
)
.(3.1)
With (2.5) we then deduce immediately that the Girsanov transformations
with the corresponding market prices of risk γ1 and γ2 have to satisfy
dS (t) = rS (t) dt+
√
ν (t)S (t)
(
ρdW˜1 (t) +
√
1− ρ2dW˜2 (t) + µ− r√
ν(t)
dt
)
.
(3.2)
As already noted, there is an infinite amount of possible choices for the
market prices of risk, since the Heston model defines an incomplete market.
However, when defining a suitable change of measure, we always have to
deal with the term (µ− r)/
√
ν(t) that arises in (3.2).
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3.1. Possible Choices for the Market Price of Risk. In what follows
we want to introduce two intuitive choices for the market prices of risk.
1. ν(t) remains unchanged: In order to obtain the risk-neutral formula-
tion (3.1) of the stock price, we verify with (3.2) that
W˜Q1 (t) = W˜1 (t) , W˜
Q
2 (t) = W˜2 (t) +
1√
1− ρ2
∫ t
0
(µ− r)√
ν (s)
ds ,
has to hold. The corresponding market prices of risk are then given as
γ1(t) ≡ 0 and γ2(t) = 1√
1− ρ2
(µ− r)√
ν (t)
.(3.3)
This choice preserves the structure (2.6) of the volatility process.
2. The choice of Heston: Heston (1993) suggests a more general modus
operandi. With a constant parameter λ he chooses
W˜Q1 (t) = W˜1 (t) +
λ
σ
∫ t
0
√
ν (s)ds .
We again obtain the risk-neutral formulation (3.1) of the stock price using
(3.2) and by choosing
W˜Q2 (t) = W˜2 (t) +
1√
1− ρ2
∫ t
0
[(µ− r)√
ν (s)
− ρλ
σ
√
ν(s)
]
ds .
Here, the corresponding market prices of risk are then given as
γ1(t) =
λ
σ
√
ν(t) und γ2(t) =
1√
1− ρ2
[(µ− r)√
ν (t)
− ρλ
σ
√
ν(t)
]
.(3.4)
With this choice and introducing the risk neutral parameters
κ⋆ := κ+ λ, θ⋆ :=
κθ
κ+ λ
,
we then obtain for the volatility process (2.6)
dν (t) = [κ (θ − ν (t))− λν (t)] dt+ σ
√
ν (t)dW˜Q1 (t)
= κ⋆ [θ⋆ − ν (t)] dt+ σ
√
ν (t)dW˜Q1 (t) , ν (0) = ν0.(3.5)
As the (risk-neutral) mean reversion speed κ⋆ and the (risk-neutral) mean
reversion level θ⋆ should be positive, we require from now on that
λ > −κ .(3.6)
Note further that the case of an unchanged volatility process results from
the choice of Heston when setting λ ≡ 0.
To define a suitable change of measure, we look at the Radon-Nikodym
derivative
dQ
dP
| Ft = L(T )
= e−
∫ T
0 γ1(u)dW˜1(u)−
∫ T
0 γ2(u)dW˜2(u)−0.5
∫ T
0 γ
2
1(u)du−0.5
∫ T
0 γ
2
2(u)du ,
(3.7)
where γi, i = 1, 2 are the market prices of risk corresponding to W˜i, i = 1, 2.
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By construction, L(·) is a positive local martingale with L(0) = 1 and thus
a supermartingale. Even more, it is a martingale if and only if
E[L(T )] = 1 .(3.8)
Condition (3.8) is a requirement for the Theorem of Girsanov, and among
others, sufficient conditions for this include1 the condition of Novikov (see
e.g. Karatzas & Shreve (1998, Corollary 5.13))
E
[
exp
(
1
2
∫ T
0
‖γ(s)‖2ds
)]
<∞(3.9)
or the weaker boundedness condition (see e.g.Korn & Korn (2001, Proposi-
tion 3.12)) ∫ T
0
‖γ(s)‖2ds < K , K > 0 ,(3.10)
which is often sufficient for applications.
In order to show the martingale property of L(·), we now have to distin-
guish between the cases that the Feller condition (2.4) is satisfied or vio-
lated, where the latter case has to the best of our knowledge not yet been
considered in the literature.
3.2. The Feller condition (2.4) is satisfied. In that case, the Feller con-
dition guarantees an a.s. strictly positive volatility process such that the
corresponding market prices of risk γ2 are well-defined in (3.3) and in (3.4).
In Wong & Heyde (2006) the authors then show that the corresponding
integrability conditions are satisfied given that market prices of risk are
well-defined. To have a clear notation for the remainder of the paper, we
recapitulate their main findings and give the corresponding proofs where
necessary, adapted to our setting and parametrization. Moreover, we sup-
plement their findings by considering the case that the Laplace transform
of the integrated volatility process - and thus the equivalent (local) martin-
gale measure (abbreviated by ELMM from now on) - exist only up to an
explosion time T∞.
Inserting (3.4) in (3.7) we obtain:
L(T ) = L1(T ) · L2(t) ,
with
L1(T ) = e
−λ
σ
∫ T
0
√
ν(u)dW˜1(u)− λ
2
2σ2
∫ T
0
ν(u)du ,
L2(T ) = e
− 1√
1−ρ2
∫ T
0
(
µ−r√
ν
−λρ
σ
√
ν(u)
)
dW˜2(u)− 1
2(1−ρ2)
∫ T
0
(
µ−r
ν(u)
−λρ
σ
√
ν(u)
)2
du
.
Using the fact that the volatility process ν is independent of W˜2 and that
for a satisfied Feller condition (2.4) the volatility process is P-a.s. strictly
1See also Wong & Heyde (2004) or Ruf (2013) for a more detailed discussion on this
matter.
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positive and non-exploding, we obtain by conditional expectations that
E[L(T )] = E[L1(T )] .
Thus, we only have to deal with the market price of volatility risk factor
γ1(t) =
λ
σ
√
ν(t) in order to guarantee the existence of an ELMM, which is
e.g. achieved if the corresponding Novikov condition
E
[
e
λ2
2σ2
∫ T
0 ν(s)ds
]
<∞(3.11)
is satisfied. Consequently, Wong & Heyde (2006) show that E[L1(T )] = 1,
providing the following chain of arguments:
At first, the existence of the Laplace transform of∫ T
t
ν(u)du
has to be dealt with. This existence result is by now classic; it is a con-
sequence of the results of Feller (1951) and Pitman & Yor (1982). For our
purposes, the following version, which is a straightforward consequence of
Andersen & Piterbarg (2007, Corollary 3.2 and Proposition 3.1), is useful:
Proposition 3.1 (Moment Explosions). Consider the process (2.6). For
β ∈ R, let
ϕ(t, T, ν) := E
[
e−β
∫ T
t
ν(u)du|ν(t) = ν
]
(3.12)
denote the Laplace transform of
∫ T
t
ν(u)du and define
a := −2κ
σ2
< 0 , b := −2β
σ2
, D := a2 − 4b ,(3.13)
as well as
T∞ :=
2
γσ2
(
pi + arctan
(
2γ
a
))
, γ :=
√−D
2
.
Then the following hold:
(1) If D ≥ 0: ϕ(t, T, ν) is finite for all T .
(2) If D < 0: ϕ(t, T, ν) is finite for all T < T∞.
Proof. In Andersen & Piterbarg (2007, Corollary 3.2 and Proposition 3.1),
we identify p ≡ 12 , ε ≡ σ, u ≡ −β. Note furthermore, that we evaluate
the conditional expectation in (3.12) w.r.t. the physical measure P and that
Corr(W˜1 (t) , W˜2 (t)) = 0, implying a = − 2κσ2 < 0, and thus excluding the
case (D ≥ 0 ∧ a > 0) in our setting (compare also Andersen & Piterbarg
(2007, Corollary 3.3)). 
Remark 3.2. (i) The analogous result when the conditional expectation
in (3.12) is evaluated w.r.t. the risk-neutral measure Q is obtained
by replacing κ in (3.13) with its risk-neutral counterpart κ⋆ = κ+λ,
noting that a⋆ := −2(κ+λ)
σ2
< 0 under condition (3.6).
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(ii) Case (1) has already been pointed out in Wong & Heyde (2006,
Lemma 3.1) as well as in Kraft (2005, Proposition 5.1) in the con-
text of portfolio selection in the Heston model, whereas case (2) has
to the best of our knowledge not yet been discussed in the direct
context of changing the measure in the Heston model.
From Proposition 3.1 we deduce immediately the existence of an ELMM un-
der sufficient conditions as a generalization of Wong & Heyde (2006, Corol-
lary 3.3):
Corollary 3.3 (Existence of an ELMM I). We have that
E[L1(T )] = 1(3.14)
for all T in the case |λ| ≤ κ, and for T < T∞ in the case |λ| > κ. Hence, an
ELMM in the Heston model as specified in equations (2.5) and (2.6) exists
for all T when |λ| ≤ κ and for T < T∞ when |λ| > κ.
Proof. Case (1) of Proposition 3.1 yields for all T that
ϕ(0, T, ν) = E
[
e−β
∫ T
0 ν(u)du
]
<∞ , for β ≥ − κ
2
2σ2
.
Hence, for |λ| ≤ κ we have
E
[
e
λ2
2σ2
∫ T
0
ν(u)du
]
<∞ ,
which is just the Novikov condition (3.11) for L1(·).
Case (2) of Proposition 3.1 yields for T < T∞ that
ϕ(0, T, ν) = E
[
e−β
∫ T
0
ν(u)du
]
<∞ , for β < − κ
2
2σ2
.
Hence, for |λ| > κ we have
E
[
e
λ2
2σ2
∫ T
0
ν(u)du
]
<∞ ,
which is again the Novikov condition (3.11) for L1(·). 
Thus, repeating that in order to keep the risk-neutral mean reversion speed
and level positive we require λ > −κ, we obtain the following crucial result
for the existence of an ELMM in the Heston model, again complementing
the results of Wong & Heyde (2006, Theorem 3.5):
Theorem 3.4 (Existence of an ELMM II). We have that
E[L(T )] = E[L1(T )] = E
[
e−
λ
σ
∫ T
0
√
ν(u)dW˜1(u)− λ
2
2σ2
∫ T
0
ν(u)du
]
= 1 ,(3.15)
for all T if −κ < λ ≤ κ, and for T < T∞ if κ < λ < ∞. Therefore, an
ELMM corresponding to the market price of volatility risk factor γ1(t) =
λ
σ
√
ν(t) exists.
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Remark 3.5 (Unchanged Volatility Process). The results derived above hold
also true for the measure change when the volatility process remains un-
changed. We obtain inserting (3.3) in (3.7):
L(T ) = L1(T ) · L2(T ) = L2(T ) ,
with
L1(T ) = 1 and L2(T ) = e
− µ−r√
1−ρ2
∫ T
0
1√
ν(u)
dW˜2(u)− (µ−r)
2
2(1−ρ2)
∫ T
0
1
ν(u)
du
.
Again, by the same conditioning argument as above, we deduce
E[L(T )] = E[L1(T )] = 1 ,
implying moreover that T = T∞ =∞ in this case.
3.3. The Feller condition (2.4) is violated. Given a violated Feller con-
dition, the volatility process can attain the value zero. Thus, we face a
serious problem in this case, since, as already noted, we have to deal with
the term
µ− r√
ν(t)
that arises in (3.2) when defining a suitable change of measure. Conse-
quently, we cannot (!) transform the Heston model from the subjective
measure P to the risk-neutral measure Q.
In order to resolve this, we have to replace the constant drift term µ by a
(time- and) volatility-dependent drift term which attains the value r when
the volatility attains the value zero:
For k ∈ N and a positive constant Ψ set
µt := r +Ψ
(√
ν(t)
)k
.(3.16)
Replacing the constant drift term µ by (3.16) in (2.5) yields:
dS (t) = S(t)
[(
r +Ψ
(√
ν(t)
)k)
dt+
√
ν (t)
(
ρdW˜1 (t) +
√
1− ρ2dW˜2 (t)
)]
In order to change the measure from P to Q we thus have to satisfy
S(t)
[(
r +Ψ
(√
ν(t)
)k)
dt+
√
ν (t)
(
ρdW˜1 (t) +
√
1− ρ2dW˜2 (t)
)]
= S(t)
[
rdt+
√
ν (t)
(
ρdW˜1 (t) +
√
1− ρ2dW˜2 (t) + Ψ
(√
ν(t)
)k−1
dt
)]
!
= S(t)
[
rdt+
√
ν (t)
(
ρdW˜Q1 (t) +
√
1− ρ2dW˜Q2 (t)
)]
.
We obtain
• for the choice k = 1:
γ1(t) ≡ 0 and γ2(t) = Ψ√
1− ρ2
= constant ,
thus the boundedness condition (3.10) is obviously satisfied, and an
ELMM exists.
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• for the choice k = 2:
γ1(t) =
Ψ
ρ
√
ν(t) =
λ
σ
√
ν(t) for Ψ := ρ
λ
σ
,
γ2(t) ≡ 0 .
As γ2(t) ≡ 0, with the choice k = 2 we are then obviously back in the setting
of Theorem 3.4 since then
L(T ) = L1(T ) · L2(t) = L1(t) ,
with
L1(T ) = e
−λ
σ
∫ T
0
√
ν(u)dW˜1(u)− λ
2
2σ2
∫ T
0
ν(u)du and L2(T ) = 1 .
Thus, as before, we only have to deal with the market price of volatility risk
factor γ1(t) =
λ
σ
√
ν(t) in order to guarantee the existence of an ELMM, also
in the case that the Feller condition (2.4) is violated. Again, by conditional
expectations we have that
E[L(T )] = E[L1(T )] ,
and we can apply Theorem 3.4 to obtain the main results of this paper:
Theorem 3.6 (Existence of an ELMM III). Suppose that the Feller condi-
tion (2.4) does not hold. Then, for a positive constant Ψ choose the time-
and volatility-dependent drift
µt = r +Ψν(t) .
If then additionally −κ < λ ≤ κ, we have that
E[L(T )] = E[L1(T )] = E
[
e−
λ
σ
∫ T
0
√
ν(u)dW˜1(u)− λ
2
2σ2
∫ T
0
ν(u)du
]
= 1 for all T ,
(3.17)
and if additionally κ < λ <∞,
E[L(T )] = E[L1(T )] = E
[
e−
λ
σ
∫ T
0
√
ν(u)dW˜1(u)− λ
2
2σ2
∫ T
0 ν(u)du
]
= 1 for T < T∞ ,
(3.18)
implying that an ELMM Q corresponding to the market price of volatility
risk factor γ1(t) =
λ
σ
√
ν(t) exists.
As an important consequence we obtain the following Corollary:
Corollary 3.7 (No ELMM for Constant Market Parameters). Suppose that
the Feller condition (2.4) does not hold. Then, for constant market parame-
ters r and µ, the Girsanov transformations based on the market prices of risk
γ1 and γ2 are not well-defined in (3.2), implying that no ELMM Q exists.
Remark 3.8 (Implications for Calibration). As noted by e.g. Mikhailov & No¨gel
(2003) or Cui et al. (2017), in order to apply the Heston Model in practice,
a good calibration of the model parameters is crucial. However, most cal-
ibration algorithms are applied to data and thus used for option pricing,
regardless whether the Feller condition is satisfied or not. In particular,
Cui et al. (2017) note that they did not enforce the Feller condition in their
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calibration study - yet obtaining satisfactory results. Our paper thus gives
the theoretical foundation for this intuition, since an equivalent (local) mar-
tingale measure, which is needed for option pricing, exists as well in the case
of a violated Feller condition.
4. Martingale Property of the Stock Price
We conclude our analysis by deducing conditions under which the discounted
stock price in the Heston model is a trueQ-martingale, enhancingWong & Heyde
(2006, Theorem 3.6). Note that it is irrelevant for the analysis to follow
whether the Feller condition is satisfied or not, since we work under the
assumption that an ELMM Q exists, which we have proved in Theorem 3.4
and Theorem 3.6.
Theorem 4.1 (Martingale Property of the Stock Price). Suppose that an
ELMM in the Heston model exists. Then - irrespective of condition (2.4)
being satisfied or not - the discounted stock price is a Q-martingale
(1) for all T , if −κ⋆ ≤ ρσ < κ⋆,
(2) for all T < T ⋆∞, if −∞ < ρσ < κ⋆ ,
where
T ⋆∞ :=
2
γ⋆σ2
(
pi + arctan
(
2γ⋆
a⋆
))
, with
γ⋆ :=
√−D⋆
2
, D⋆ := (a⋆)2 − 4b , a⋆ := −2κ
⋆
σ2
< 0 , b := −2β
σ2
.
Proof. Suppose that an ELMM Q exists. We then obtain from (3.1) that
the discounted stock price has the Q-dynamics
S˜(t) = exp
(
ρ
∫ t
0
√
ν(s)dW˜Q1 (s)−
1
2
ρ2
∫ t
0
ν(s)ds
+
√
1− ρ2
∫ t
0
√
ν(s)dW˜Q2 (s)−
1
2
(1− ρ2)
∫ t
0
ν(s)ds
)
.
Again, by conditional expectations we get
EQ[S˜(t)] = EQ
[
exp
(
ρ
∫ t
0
√
ν(s)dW˜Q1 (s)−
1
2
ρ2
∫ t
0
ν(s)ds
)]
.(4.1)
We then obtain EQ[S˜(t)] = 1 for all T , if −κ⋆ ≤ ρσ < κ⋆, and for all
T < T ⋆∞, if −∞ < ρσ < κ⋆, by identifying ρ with −λ/σ in Theorem 3.4 and
Theorem 3.6. Note that we have replaced κ by its risk-neutral counterpart
κ⋆ = κ+ λ, since the conditional expectation in (4.1) is evaluated w.r.t. Q,
in line with the discussion in Remark 3.2. 
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